Recent development of theoretical method for dissipative quantum transport have achieved notable progresses in the weak or strong electron-phonon coupling regime. However, a generalized theory for dissipative quantum transport at arbitrary parameter regime is not figured out until now. In this work, a variational method for dissipative quantum transport at arbitrary electron-phonon coupling regime is developed by employing variational polaron theory. The optimal polaron transformation is determined by the optimization of the Feynman-Bogoliubov upper bound of free energy. The free energy minimization ends up with an optimal mean-field Hamiltonian and a minimal interaction Hamiltonian. Hence, second-order perturbation can be applied to the transformed system, resulting an accurate and efficient method for the treatment of dissipative quantum transport with arbitrary electron-phonon coupling strength. Numerical benchmark calculation on an single site model with coupling to one phonon mode is also presented.
I. INTRODUCTION
Quantum transport and energy dissipation in nanostructures have been of great interest, which requires the study and understanding of nonequilibrium phenomena of open quantum systems. [1] [2] [3] [4] [5] [6] In many previous studies on dissipative quantum transport, the coupling between the system and the phonon bath can be small. In this case, second-order perturbation (2PT) can be employed, leading to a set of equation of motions (EOM). 6 However, there are many open quantum systems with strong electron-phonon coupling. For instance, the coupling between system and bath in the energy transfer process in photosynthetic complexes is comparable to the electronic coupling; [7] [8] [9] Strong electron-phonon coupling is also observed in resonant tunneling in molecular transport junctions. 10, 11 Even though there are several non-perturbative methods to evaluate the dynamics numerically exactly, such as hierarchical equations of motion (HEOM), 12, 13 quasi-adiabatic propagator path integral (QUAPI) 14 and multiconfiguration time-dependent Hartree (MCTDH) approach, [15] [16] [17] these methods are computational demanding and not trivial to be implemented.
There is another group of methods to deal with strong electron-phonon coupling, which makes use of polaron transformation. A polaron transformed second-order master equation for open quantum system has been developed accordingly. [18] [19] [20] [21] The polaron theory has also been employed to study the quantum transport in the strong coupling regime, [22] [23] [24] [25] [26] [27] [28] in which strong phonon blockade effect is observed. The polaron transformation extends the validity of perturbative treatment of electron-phonon interaction to strong coupling regime, provided that the electronic couplings are small compared to the typical electron-phonon coupling and bath frequency. However, when this condition is not fulfilled, the polaron theory performs worse than the standard perturbative approaches as the polaron cannot follow the system motion accurately.
In order to overcome this shortcoming of polaron transformation based approaches, the variational method has been developed as a generalized polaron transformation. [29] [30] [31] [32] [33] In contrast with full polaron transformation, the variational polaron approach searches for an optimal amount of transformation by employing variational principle, which is implemented by minimization of the Feynman-Bogolubov upper bound of free energy. 32 The optimal transformation is determined by the properties of the bath and system-bath coupling. Thanks to the variational principle, the variational polaron method is able to interpolate between the weak and strong coupling regimes and to capture the dynamic behaviour at arbitrary parameter space. Moreover, compared to the manybody approaches, variational polaron method is computationally economic.
Inspired by the recently developed variational polaron master equation, 29, 30 variational polaron method for dissipative quantum transport is developed in this work, which aims at handling the dissipative quantum transport at arbitrary electron-phonon coupling strength. The manuscript is organized as follows. Sec. II introduces the variational polaron theory for quantum transport and minimization method for determining the optimal parameters for variational transformation. Starting from the variational polaron transformation, the transformed Hamiltonian is divided into two parts: a mean-field part and interacting part. Free energy optimization ends up with an optimal mean-field Hamiltonian and a small interacting perturbation. Then 2PT is applied to establish the quantum transport theory. The variational polaron theory for quantum transport is applied to study the quantum transport through a single site model with different electron-phonon coupling strength, which is given in Sec.IV. Finally, Sec.V summarizes the method developed in this work.
II. VARIATIONAL POLARON THEORY FOR QUANTUM TRANSPORT

A. Model Hamiltonian
Considering a system sandwiched between two leads. The electrons can transfer from one lead to the other through the system driven by bias voltage. The electrons can be scattered inelastically by phonons when transport through the system. The corresponding Hamiltonian reads
where H S is the Hamiltonian of the system; H B is the Hamiltonian of phonon bath; H α is the Hamiltonian of lead α. The lead serves as electronic bath; H SB and H Sα are the Hamiltonians of system-phonon coupling and system-lead interaction, respectively. Expressions of those Hamiltonians are
Where ǫ n denotes the single-particle energy of the electronic state n in the device and c † n (c n ) is the corresponding creation (annihilation) operator. Similarly, ǫ kα and c † kα (c kα ) represent the single-particle energy and creation (annihilation) operator of kth electronic state in lead α, respectively. V kαn is the system-lead coupling strength. The phonon creation and annihilation operators are represented by b † n,k and b n,k . And ω n,k and g n,k are the corresponding the phonon energy and electron-phonon coupling constant.
In the absence of electron-phonon coupling, an exact time-dependent quantum transport theory has been developed recently. [34] [35] [36] [37] [38] In presence of electron-phonon coupling, electron has the probability of being scattered inelastically by phonon. Previous theoretical studies of dissipative quantum transport usually focus on two different regimes: weak or strong electron-phonon coupling. In the weak coupling regime, 2PT (or lowest order expansion) is widely employed. While in the strong electronphonon coupling limit, the electron is localized by phonon scattering. At this regime, polaron theory is suitable for describing the phenomena. In this manuscript, a generalized theory for dissipative quantum transport with arbitrary electron-phonon coupling is developed by extending the polaron theory to its variational version.
B. Variational polaron transformation
Similar to the polaron theory, the variational polaron theory starts from an unitary transformation generated by the operator
where λ n,k = f n,k /ω n,k . The unitary operator displaces the phonon oscillation in the positive and negative direction. The parameter f n,k determines the magnitude of the displacement for each mode. It is obvious that f nk = g nk corresponds to the conventional polaron transformation, while f nk = 0 denotes no transformation.
After the unitary transformation, the Hamiltonian of the system becomes
where R n = λ n,k (f n,k − 2g n,k ) is the renormalization energy which describes the shift of single-particle energy of electronic states induced by electron-phonon interaction. H α is same as H α since it commutes with the unitary operator U . While, the system-lead coupling Hamiltonian becomesH
after the transformation, i.e., the system-lead coupling is dressed by phonon displacement operator X n , where X n is defined as
After the unitary transformation, the Hamiltonian of electron-phonon coupling becomes
whereḡ n,k = g n,k − f n,k is defined as the reduced electron-phonon coupling strength.ḡ n,k indicates that the electron-phonon coupling is reduced by the unitary transformation. In summary, after the variational polaron transformation, phonon's influence on electrons is transferred into three terms: (1) the polaron shift energy R n , which represents the energy renormalization effect due to electron-phonon interaction; (2) in the dressed coupling between system and leads, the system-lead coupling is renormalized by the displacement operator X n ; (3) reduced electron-phonon couplingḡ n,k , which is zero in the strong coupling limit and approaches g nk in the weak coupling limit. The variational transformation results in a new kind of system-lead coupling, which is mediated by the phonon displacement operator. The displacement operator can be divided into two parts:
i.e., the expectation value and corresponding fluctuation around its expectation. Assuming phonon is in thermal equilibrium, X n can be written as
where β is the inverse temperature. Consequently, H Sα can be separated into two parts,
where V R kαn = V kαn X n is the renormalized system-lead coupling mediated by phonon. Thus, the total transformed Hamiltonian can also be grouped into two parts. One part is the mean-field (or non-interacting) partH 0 and the other one is the interacting HamiltonianH I , whereH 0 is defined as (10) andH I isH
It is obvious that the polaron transformation (f n,k = g n,k ) makes the electron-phonon interaction termH SB vanished. In contrast, the variational polaron transformation employs f nk as parameters and the values of which are determined by the minimization of an upper bound of free energy. The minimization inherent to variational approach allows to minimize the effect ofH I and obtain an optimal mean-field HamiltonianH 0 . Thus, given arbitrary electron-phonon coupling strength, the variational polaron transformation in principle can end up with smallH I . Consequently, 2PT can be employed to account the effect ofH I . Because of the single-particle nature ofH 0 and second-order perturbative treatment ofH I , variational polaron theory significantly reduces the computational complexity compared to the manyparticle approaches.
C. Minimization of the upper bound of free energy
In this work, the Feynman-Bogoliubov upper bound of free energy 32 is chosen to determine the optimal value of f nk for the variational transformation. The upper bound of free energy is given as
where
. F u gives the upper bound of the true Free energy F , which is related to F by the inequality F ≤ F u . It is obvious that the second term on the right hand right (RHS) of Eq. (12) is zero by the construction. Besides, because [H B ,H e ] = 0, F u can be further simplified and divided into two parts
where F B is the free energy of phonon bath. Because F B is not a function of f nk , it is neglected in the minimization procedure. There are two ways to minimize the upper bound of free energy with respect to f nk . One way is to treat the system and leads as a whole system and the upper bound of free energy can be numerically calculated by the diagonalization ofH e . The other approach is to employ the Linked cluster expansion method.
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The mean-field part of the transformation Hamiltonian,H 0 , is a function of the phonon-induced renormalization parameters {R n , X n }. Consequently, the Feynman-Bogoliubov upper bound of free energy F u can be minimized with respect to {R n , X n }. Hence, the minimization condition can be written as
Using the expressions for {R n , X n }, we can evaluate the derivatives of {R n , X n } with respect to f n,k analytically. After simple algebra, the minimization condition gives the expression of the variational transformation parameter f n,k as f n,k = g n,k F n,k , where
Since {R n , X n } are also functions of f nk , above equation must be solved self-consistently. After the minimization procedure, the optimal choice ofH 0 is obtained, resulting in a smallH I . Hence,H I can be treated by 2PT. Next, dissipative quantum transport formalism with variational polaron transformation is presented.
III. DISSIPATIVE QUANTUM TRANSPORT THEORY WITH VARIATIONAL POLARON TRANSFORMATION
Non-equilibrium Green's function (NEGF) formalism is employed to study the dissipative quantum transport. The key quantity in the NEGF method is the singleparticle Green's function, which is given by
where H andH are the Hamiltonians before and after the variational polaron transformation, respectively. τ and τ ′ are the time variables defined on the Keldysh contour and T c is the contour time-ordering operator. Eq. (16) determines the dynamics of the coupled electrons and phonons. We employ the following approximation to decouple the electron and phonon dynamics
The decoupling in Eq. (17) is inherent in the BornOppenheimer approximation. Even the decoupling approximation is made, there is still correlation between electron and phonon if self-consistent procedure is operated, 26 which is similar to the diagram dressing process in the standard many-body perturbation theory.
With the decoupling approximation, the key quantity becomesḠ(τ, τ ′ ) which is associated withH. As illustrated in Sec. II, the variational polaron transformed Hamiltonian can be divided into two parts:H 0 and H I .H 0 is mean-field part of the Hamiltonian, the quantum transport problem associated withH 0 can be easily solved as demonstrated by previous publications. 40 While the correction ofH I to the quantum transport can be taken into consideration by the perturbation theory since the variational polaron transformation in principle ends up with smallH I . Firstly, zero-order Green's function
where g 0 (τ, τ ′ ) is the electron Green's function in absence of system-lead coupling. The effect of system-lead coupling is represented by the self-energȳ
where g kα (τ, τ ′ ) is the surface Green's function of lead α and Σ α (τ, τ ′ ) is the lead self-energy in absence of phonon renormalization. Next, G(τ, τ ′ ) is derived at second-order expansion with respect toH I , starting from G 0 (τ, τ ′ ).
A. Second-order perturbation theory
Within the 2PT theory, the Green's function can be expressed as 
Within the 2PT, Σ I (τ, τ ′ ) is derived as
The definition ofΣ Iα is very similar to Eq.(20) except the phonon renormalization factor X i is replaced by the correlation function of B i . According to the definition of B i , the self-energy Σ α,I can be rewritten as
whereΣ 0α (τ, τ ′ ) is the phonon dressed self-energy, which is used to evaluate the zero-order Green's function G 0 (τ, τ ′ ) as described previously. The derivation ofΣ ep (τ, τ ) is same as that in Ref. 6 . The only difference is that the electron-phonon coupling constant (g n,k ) is replaced by the reduced one (ḡ n,k ). The expression ofΣ ep (τ, τ ′ ) is
where D 0 (τ, τ ′ ) is the bare phonon Green's function. In practical implementation, the Green's function and self-energies defined on the Keldysh contour are projected on real axis, resulting in equations for retarded/advanced and lesser/greater Green's functions and self-energies. In this work, we focuses on the steady state. In steady state, all quantities (two-time functions) are only dependent on the time difference instead of two times. Hence, Fourier transformation is employed to transfer the quantities from real-time domain to energy space. SinceH 0 is the mean-field part of the total Hamiltonian, the corresponding Green's functions can be easily evaluated,
where η → 0 + .Σ r 0α andΣ < 0α are phonon dressed retarded and lesser self-energies of lead α, respectively, which are written as
Defining the unperturbated line-width function as
, where ℑ denotes the imaginary part. Thus, the phonon dressed line-width function becomesΓ α,ij (E) = Γ α,ij (E) X i X j . The dressing factor indicates the localization of electron induced by the electron-phonon interaction. In term of line-width function, the corresponding lesser self-energy can be rewritten asΣ After obtaining the zeroth-order Green's functions, G r/< 0 (E), are evaluated, the Green's function withH I is obtained from the 2PT theory as Retarded and lesser phonon self-energies within the 2PT are 6,41,42
. N q is the phonon occupation number of mode q, which is determined by Bose-Einstein distribution function.
The derivation of Σ r/< Iα (E) requires the knowledge of the displacement correlation function K(τ, τ ′ ), which is nontrivial. K(τ, τ ′ ) in principle depends on the phonon Green's function which is coupled with electronic Green's function via its self-energy. [26] [27] [28] Therefore, self-consistent calculation of phonon and electron Green's function is required. However numerical implementation of selfconsistent calculation is non-trivial and very computational demanding. In practise, we assume the phonon is in equilibrium and undressed by the electron in this work. The influence of electron to the phonon can be introduced through a phenomenological rate equation including the renormalization, damping and heating effect.
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With the assumption that phonon is in the equilibrium and undressed by electron, the displacement correlation function can be rewritten in a simple form. 24, 26, 39 The lesser projection of displacement correlation function is expressed as
where N q is the occupation number for the qth phonon mode. K < ij (t, t ′ ) can be decomposed as
where both p and ω are row vectors,
and I pq is the p q th order Bessel function. The greater projection of displacement correlation function is K
in the hightemperature limit since N q ≃ N q + 1 in this limit. Actually, many works even adopt
as an approximation in low temperature, which is regarded as neglecting the Fermi Sea.
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With K </> (t, t ′ ) known, the lesser (greater) selfenergy in energy space can be obtained from the Fourier transformation of Σ
B. Observable of interest
The steady-state current through the junction can be expressed in Meir-Wingreen formula
where the factor 2 accounts for the spin degeneracy and T α is the transmission coefficient through lead α, which is expressed in terms of Green's functions and self-energies within NEGF formalism
As shown in Eq. (17), lesser/greater projection of Green's functions are
Utilizing the expansion of K ≶ ij (t, t ′ ), Fourier transformation of above equations gives the Green's functions as
Hence, transmission coefficient and current can be obtained through substituting Eq. (35) into Eq. (34) . In short, the computational procedures are summarized as follows: (1) Firstly, bare Green's functions G r,≶ 0 (E) in variational polaron picture are calculated; (2) Secondly, Green's functionsḠ r,≶ (E) at the second-order with respect toH I are evaluated; (3) Thirdly, Green's functions in the H picture are obtained through Eqs. (35); (4) Finally, physical quantities, such as density of states (DOS) and currents, are obtained from the Green's functions and self-energies.
IV. NUMERICAL EXAMPLES
The variational polaron theory for dissipative quantum transport is employed to study the transport through on a monoatomic chain. The system consists of a single site. The two leads are modeled by semi-infinite linear chains as illustrated in Fig. 1 . The onsite energy of the system is denoted by ǫ S . The onsite energy and hopping element of leads are ǫ and t, respectively. The system-lead coupling constant is denoted by V α . In this work, it is assumed that the system is coupled to the two leads equally, i.e., V L = V R = v. The line-width function of the semiinfinite tight-binding lead can be evaluated analytically
where µ α is the chemical potential of lead α.
Illustration of a single site model coupled to two leads. It is assumed that the system coupled to the two lead equally, which is denoted by v. The onsite energy and hopping element of leads are ǫ and t, respectively.
In this work, the system-lead coupling is set to be equal to the hopping in the leads, i.e., v = t. The onsite energy is set to be 0 eV and hopping is set as t = 0.1 eV. And the Fermi energy of the leads is 0 eV, which corresponds to half-filled on each site. Temperature is set as T = 300 K. In this work, only one phonon mode is considered to be coupled to the system for simplification. The optimal value f of variational polaron transformation is searched for different phonon frequency and electron-phonon coupling strength. The phonon frequency is chosen in three different regimes: ω > t, ω = t and ω < t. The optimal value f of variational polaron transformation for different electron-phonon coupling constant g is shown in Fig. 2 . As it is expected, different electron-phonon coupling strength corresponds to different optimal value of f in the variational transformation. Besides, f increases monotonously with electron-phonon coupling strength g. When g → 0, f /g ratio approaches a small value which is affected by the phonon energy. In the g → 0 limit, f /g ratio is small, which is close to no polaron transformation. While in the strong electron-phonon coupling limit (g → ∞), f /g ratio approaches to 1, which corresponds to full polaron transformation. In the intermediate regime, variational polaron transformation ends up with f /g < 1, which denotes the partial polaron transformation. It is also noticed from Fig. 2 that there is a shape transition of f in a certain regime of g if ω < t. Larger t ω results in the steeper transition. Finally, f shows discontinuity against g ω . This discontinuity appears because different local minimum becomes the global minimum at certain parameter regime. Taking ω = 0.05 eV as example, the free energies against f /g ratio with electronphonon coupling strength around 0.1 eV are plotted in Fig. 3 . As it shown by Fig. 3 , two local minimums start to emerge at g ≈ 0.1 eV. The local minimums of smaller and larger f /g become the global minimum for g = 0.098 eV and g = 0.102 eV, respectively. The discontinuity of f may cause unphysical phase transition from delocalized to localized regime. 33, 48, 49 For multiple sites systems, the free energy can be more complex and more local minimums may emerge, thus there is larger possibility of discontinuity. However, even the discontinuity appears, the variational transformation is still likely to work better than the untransformed scheme or polaron transformation. Moreover, the discontinuity of f may be removed by employing certain ansatz. For instance, a ground state ansatz has been proposed recently to get rid of the discontinuity in the variational polaron. 49, 50 Similar ansatz may be proposed to remove the discontinuity problem in the quantum transport system, which is the scope of further improvement of the method. After the variational polaron transformation is found, the quantum transport properties of the system, such as DOS and current-voltage characteristics, at different electron-phonon coupling regime can be studied by the method developed in Sec. III. Here, three sets of parameters are studied, ranging from weak to strong electronphonon coupling regime. The parameters as well as optimal factor of variational polaron transformation are summarized in Table I . Model A and C are in the weak and strong coupling regime, respectively, and Model B is in the moderate coupling regime. The optimal values of variational polaron transformation are 0.17, 0.54 and 0.90. Here, the g/ω ratio is set as a constant for the three models. As shown by Fig. 2 , large g/ω ratio (g/ω ≫ 1) makes the system in polaron regime while small g/ω ratio (g/ω ≪ 1) makes the system in weak or moderate coupling regime. Hence, g/ω = 0.8 is chosen to make sure that the system varies from the weak to strong coupling by tuning the electron-phonon coupling constant. In presence of electron-phonon coupling, electronic structure of the system is affected at different levels depending on the electron-phonon coupling strength. Consequently, DOS of the system is affected, such effects include energy shift of peak, broadening of the spectral and emergence of phonon side-bands. Fig. 4 plots the DOS of the system with different electron-phonon coupling strength.
(a) In model A, the electron-phonon coupling strength is small. Phonon has limited effects on the electronic structure of the system. The phonon-induced energy shift is about 50 meV. The DOS of variational polaron transformation is close to that of 2PT. Moreover, the DOS of both variational polaron theory and 2PT is almost the same as that of non-interacting system except the phonon-induced shift of the peak. No obvious phonon side-bands are observed in the DOS of variational polaron theory and 2PT. However, polaron theory overestimates the energy shift and phonon side-bands. Because polaron theory overestimates the phonon dressed system-lead coupling, resulting in stronger localization effect. Consequently, main peak of DOS is sharped and phonon side-band appears as shown in Fig. 4(a) .
(b) In the moderate coupling regime, phonon has larger effect on the electronic structure of the system and phonon side-bands start to appear due to the increased phonon-induced electron localization. In this coupling regime, the DOS of variational polaron theory starts to deviate from that of 2PT as shown by Fig. 4(b) . Due to the principle of 2PT, only two phonon side-bands can be observed in the DOS. However, higher order corrections become more and more significant in the moderate coupling regime. As a result, 2PT starts to fail to describe the renormalization effect induced by phonon. Besides the phonon side-bands, the energy shift due to electronphonon interaction is underestimated slightly by 2PT. In contrast, higher order phonon side-bands can be evaluated by both polaron theory and variational polaron theory. But, polaron theory still overestimates the phonon dressed system-lead coupling compared with variational polaron theory. Consequently, the phonon side-bands are much more significant in the DOS. While, variational polaron theory neither underestimates nor overestimates the renormalization effect. The DOS of variational polaron lies between those of 2PT and polaron.
(c) In the strong coupling limit, phonon induces pronounced side-bands effect and polaron is formed. Consequently, the variational polaron transformation approaches the polaron theory. As shown by Fig. 4(c) , DOS of variational polaron theory is almost the same as that of polaron theory since the optimal value of f /g is 0.9, which is close to 1, i.e., variational polaron theory approaches the polaron theory. In the contrast, 2PT greatly underestimates the phonon side-bands and overestimates the phonon-induced energy shift. The pronounced phonon side-bands indicate that electron is localized by the phonon. The phonon side-bands is also responsible for the phonon blockade in the currentvoltage characteristics, which is represented by steps in the current-voltage characteristics or peaks in the differential conductance.
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V. SUMMARY
In this work, a dissipative quantum transport theory with electron-phonon coupling at arbitrary parameter regime is developed by employing the variational polaron transformation. Variational polaron transformation provides an optimal set of parameters for the unitary transformation, which is determined by the minimization of the Feynman-Bogoliubov upper bound of free energy. After the minimization, variational polaron transformation is able to end up with an optimal meanfield Hamiltonian and a small perturbation. The meanfield part Hamiltonian,H 0 , contains the phonon-induced energy renormalization and phonon dressed system-lead coupling. Thanks to the variational polaron transformation, the many-body effect of electron-phonon interaction is transformed into the small interacting part of the Hamiltonian (H I ), which validates the 2PT treatment. Upon the variational transformation, a quantum transport theory with electron-phonon interaction at arbitrary parameter regime is established within NEGF formalism. Following the quantum transport theory of noninteraction system, the mean-field part is treated exactly. H I is taken into account through the self-energies which are in second-order ofH I Numerical examples on a monoatomic chain demonstrate the validity of the variational transformation. The optimal value of variational transformation increases monotonously with electron-phonon coupling strength, which connects the 2PT in weak coupling regime and polaron theory in strong coupling limit. Comparison of DOS in different parameter regimes indicates the applicability of variational polaron transformation: (a) In weak coupling limit, polaron theory overestimates the phonon-induced energy shift and side-bands; (b) In the strong coupling limit, 2PT underestimates the renormalization effect induced by phonon and even gives unphysical DOS; (c) Variational polaron transformation naturally connects the 2PT in the weak coupling limit and polaron theory in the strong coupling limit by making use of the optimal transformation. More numerical benchmark comparison with other numerically exact methods, such as QUAPI and MCTDH, will be considered in the future works. Moreover, the sudden change of the optimal value of variational transformation may be solved by employing certain ansatz, 49, 50 which is also the scope of future improvement of the method.
